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Universality of Brownian Motion
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® Brownian universality: the limit random variable has the law
of Brownian motion despite of the exact law of microscopic

behaviors.

® Motivation: Go beyond the sum of independent random
variables. Do these results (CLT, local CLT, invariance
principle) also hold for other models (random walk in random
environments, particles with interactions, hard-sphere model
with collisions, etc)?
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Random Conductance Model

e Sample i.i.d. random conductance {a(e)}ecr,-

e Let (Y;)i>0 be a continuous-time Markov jump process
starting from g, with an associated generator either

® variable speed random walk VSRW

Yulz) = al{z,2}) (u(z) - u(2));

T

® constant speed random walk CSRW

au(a) =Y a(fj;x)}) (u(z) — u(x)).

zZ~T

with 7(x) := %", a({z, z}).

Main Results
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IP for RCM

Theorem (Invariance Principle)

When 0 < ¢ < a < C < oo, for almost every realization of
{a(e)}eck,, the scaling limit of VSRW or CSRW is Brownian
motion.

1
Ynt) = (0B¢)>0-
<\/ﬁ t=0

® The condition a € [¢,C], i.i.d. is natural, but can be relaxed
to other cases including
® stationary ergodic environment;
® supercritical percolation model;
® degenerated i.i.d. conductance;
® |ong-range jump and Levy-type limit;
[ ]
® Pioneer works by Sidoravicius, Sznitman, Biskup, Berger, Mathieu,
Piatnitski, Barlow, Hambly, Kumagai, Bella, Schaffner, Chen, Chen,
Wang, etc.
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Homogenization Theory

® Elliptic Dirichlet problem with random, symmetric,
Z%-stationary and ergodic coefficient in a large domain

-V - (aVu) = f in Q,,
u=g on 0Q),.

® For very large r, the solution can be approximated by the
homogenized solution @ for

-V -(avVa)=f inQ,,
u=yg on 9Q)y,

where a € R?*? is the (deterministic) effective coefficient.

e Approximation in the sense v ~ % in L?, and

gradient : Vu ~ Vu, fluz : aVu ~ aVa in H L.
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RCM and Homogenization

® Take f =0 in both equations.

® Probabilistic representation is E2[g(Y7)] for the hitting time 7
of the boundary, which should be very close to that of
‘Elg(6B;)]", with a = 152

e Usually a # Ela].
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Subadditive Quantity

® The averaged Dirichlet energy in finite volume captures the

nature
U,p) = + Vo) +V
)= it | S99 -ap+ V0
Z%p-a(U)p'

® y(U,p) is a subadditive quantity, i.e. U = U7, U;,

v(U.p) < Z|’U| (Ui, p)-

® We define a := limy,—o0 E[a(Q3m)].
® QObserved in Dal Maso-Modica'86 for elliptic equation, and

quantitative version in Armstrong-Smart'16 and developed in
Armstrong-Kuusi-Mourrat'17.
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Quantitative Homogenization

The renormalization approach now applies to various models: the
finite-difference equations on percolation clusters
(Armstrong-Dario'18, Dario’18, Dario-G.'21), the differential forms
(Dario 18), the “V¢" interface model (Dario'19,
Armstrong-Wu'19), the Villain model (Dario-Wu'20), the Coulomb
gases (Armstrong-Serfaty’19), the interacting particle system
(Giunti-G.-Mourrat'22, Giunti-G.-Mourrat-Nitzschner'22).
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History

Figure: Some researchers who contribute to homogenization theory: Alain Bensoussan,
Jacques-Louis Lions, George Papanicolaou, Ennio De Giorgi, Frangois Murat, Luc Tartar,
Thomas Spencer, S. R. Srinivasa Varadhan, Tatsien Li, Grégoire Allaire, Marco Avellaneda,
Carlos Kenig, Fanghua Lin, Zhongwen Shen, Felix Otto, Antoine Gloria, Stefan Neukamm, Scott
Armstrong, Charles Smart, Jean-Christophe Mourrat, Tuomo Kuusi.
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Simple Symmetric Exclusion Process

e Configuration 7 : Z¢ — {0,1}.

® Generator

LEM) =5 peza 2y @) (1= n(y)) (f(n™¥) — f(n)) with

nz) z#z,y;
() =4q nly) z=um;
n(r) z=y.

® Stationary measure is product Bernoulli measure Ber(a)®Zd
with o € (0,1).
N e N T T N
® e o ®

Figure: An illustration of SSEP.
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Simple Symmetric Exclusion Process

® Empirical measure ¥ := N~ ZzeZd Nn2¢(2)0q /N -
® Hydrodynamic limit (7}¥)s=0 Moo, (pt)e=0 with
1
Opr = §Apt-
e Equilibrium fluctuation

YN = N-% > weza (Mn2(x) — @) 8,/ converges to the
functional Ornstein—Uhlenbeck process (Y;):=>0 solving

1
dY; = QAY} dt + Va(l — a)VdB;,.

Main Results
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Generalized Symmetric Exclusion Process

e Configuration n: Z% — {0,1,--- ,k}, k> 2.
® Generator
Ef(n) = %erzd Zywx 1{7](I)>0,7](y)<fi} (f(n%y) - f(77)) )
with
n(z)  z#,y;
n(z)=4q nl@) -1 z=ux
ny)+1 z=y.

. d .
e Stationary measure P, = v©%° with
Vo(n) = ﬁ,O <n < k.

o o~
o o o T T
® ® ® ® ®

Figure: An illustration of GSEP with x = 2.
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Generalized Symmetric Exclusion Process

e Hydrodynamic limit (7}¥)s>0 Nooo, (pt)e=0 with

Owpr =V - (D(pt)Vpr) .

proved in Varadhan'90, Kipnis-Landim-Olla'94,
Funaki-Uchiyama-Yau'96.

* Bulk diffusion matrix D(a) := 5%, x(a) := Vara[n(0)],

p-éla)p = inf > Eq [L0)>0m(en<nt (@i + VoeLr(0)?],

with f local function and I'y (7)) := Y c7a 72 f(7).
® QObservation: The bulk diffusion matrix should play the same
role as the effective coefficient.
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Diffusion on Continuum Configuration Space
Particles seen as configuration ;= Y272, 0y € M5(RY).

Diffusion matrix a, : Ms(R%) — R&x4

® |ocality: Fp,-measurable;

* uniform ellipticity: |£]? < & -ao(u)é < Al¢)?.

® stationarity: a(u, ) := Tpa.(1) = ao(T_z ).
(X})=0 diffuses following V - a(us, X})V in RY, where
a(p, X}) depends on the local configuration in By (X}).
Construction of similar processes by Albeverio, Kondratiev,
Ma, Rockner 97-00 and functional inequalities by Rockner,

Wang'01.

Figure: Each particle diffuses following the generator V - aV, where a depends on the
nacition and the loacal conficiiration aronind the narticle
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Dirichlet Energy for Particle System

® Stationary measure [P, as Poisson point process of density p.

® Derivative akf(/% l‘) := limp 0 %(f(,u — 0z + 5x+hek) - f(:u))
® Finite volume approximation

v(Qr,psp)

1
inf  E,|—— —(p+Vo)-alp+Vo)du
SEAL(Qr) p[P!Qr| QTQ( )-al )
1
= ip-a(Qr,p)p-
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Main Result

Theorem (Giunti-G.-Mourrat, AoP 2022)

The limit a(p) := lim,_,~ a(Q;, p) exists, coincides with the
definition of bulk diffusion matrix, and we have

la(@r, p) —a(p)| < Cr~=.

A joint work with Arianna Giunti and Jean-Christophe Mourrat.
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Proof

1. Renormalization approach.
2. Good function space on configuration space.

3. Modified Caccioppoli inequality.

Main Results
0000@00000



Random Conductance Model Homogenization Interacting Particle Systems Main Results
000 000000 00000 0000080000

Proof: Subadditive Quantity

Function space .#1(U) has finite Dirichlet energy in U, while
HNU) is Fr-measurable for K C U.

Dual quantity

V*(Qrapaq)
‘fIE[l <1VaV+ V>d]
_ in I ——Vo- V+q- VU 1%
ve Q) LplQr| Jo, \ 2
1
=54 a, ' (U)q.

® . v, are all subadditive quantities.

Some similar qualitative result for SSEP is shown by
Landim-Olla-Varadhan'02.
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R?-Classical Caccioppoli Inequality

® The classical Caccioppoli inequality for a-harmonic function

on R4
C
/ v < S / a2,
Qr r QSr

® Elementary but an important step to establish the elliptic
regularity theory.
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Modified Caccioppoli inequality

a-harmonic function on particle system

u e AU) <= Vv e ' (U),E, [/ Vu-aVvd,u] =0.
U

There exists 0(d, A) € (0, 1), such that for every u € A(Qs3,)

1
E V(A,iou) -aV (A, ou)d
p[mw [ (i) a9 +2>u]
<Y & [u?] + OE {1 Vu~aVud4
\T2p|Q3r‘ P P F)|Q3T‘.Q3T .

Asu = EplulFg |.

Proof = Classical Caccioppoli inequality (L2-martingale
structure) + Widman's hole-filling technique + iterations.
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Further Discussions

Regularity of the mapping p — a(p) 7 C is proved in
Giunti-G.-Nitzschner-Mourrat'22, but what about the
analyticity ?

Hydrodynamic limit convergence rate.

Homogenization for GSEP 7 And more singular interactions ?
(In preparation with Tadahisa Funaki and Han Wang.)

Application to other particle systems and other problems.
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Thanks for your attention.
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